Abstract. Let C n be a local quasi-analytic subring of the ring of germs of C ∞ functions on R n , and let C = {C n , n ∈ N}. We suppose that C is closed under composition. Consider a map ϕ : (R n , 0) → (R k , 0) vanishing at zero, where ϕ is a k-tuple (ϕ 1 , . . . , ϕ k ) and ϕ 1 , . . . , ϕ k are in C n . Then ϕ defines uniquely a map φ : C k → C n by composition, and φ induces a morphismφ :
Introduction
Given local rings A and B and a local homomorphism φ : A → B, letφ : A →B be the induced morphism between completions. Let φ * :Â A →B B be the homomorphism of abelian groups induced by φ andφ in the obvious manner. We say that φ is strongly injective if φ * is injective. Suppose now that A and B are the rings of convergent power series; i.e. A = R{x 1 , . . . , x n } and B = R{y 1 , . . . , y k }. Suppose ϕ = (ϕ 1 , . . . , ϕ k ), ϕ j ∈ R{x 1 , . . . , x n }, j = 1, . . . , k, and ϕ 1 (0) = . . . = ϕ k (0) = 0.
Let φ : R{y 1 , . . . , y k } → R{x 1 , . . . , x n } be the morphism defined by composition. Let rk(ϕ) denote the rank of the jacobian matrix [
], considered as the matrix over the quotient field of R{x 1 , . . . , x n }. M. Eakin and A. Harris proved that φ is strongly injective if and only if rk(ϕ) = k [2] . Their result extends a result of Abhyankar and Van der Put [1] . In this paper we prove that if the result of M. Eakin and A. Harris is true for quasianalytic local rings, then these rings are analytic. See Corollary 4.1 below. Definition 1.1. A differentiable system is a sequence C = {C n , n ∈ N} such that, for each n ∈ N, C n ⊂ E n is a local subring of the ring of germs, at the origin of R n , of C ∞ functions. We suppose that, for each n ∈ N, C n is closed upon taking derivatives and the following holds:
is the ring of polynomials with coefficients in R. (C 2 ) The system C is closed under composition. This means that if g ∈ C k and
For each n ∈ N, C n is closed under division by coordinates. This means that if f ∈ C n and f = (x i − α)g, where g ∈ E n , and α ∈ R, then g ∈ C n . (C 4 ) The Implicit Function Theorem for C n holds in the following sense:
Call.
:
the map which associates to each f ∈ C n its Taylor expansion at the origin. We consider the following condition: (C 5 ). is an injective homomorphism.
In the following, for a differentiable quasianalytic system we will not distinguish notationally between the germ and its image by., i.e. its Taylor expansion at the origin.
We say that the Weierstrass Division Theorem holds in the differentiable quasianalytic system (C n ) n if the following condition, (W n ), is satisfied for each n ∈ N:
If f ∈ C n and f (0,
We will use the following theorem, proved in [4] , where R{x 1 , . . . , x n } is the ring of convergent power series.
Theorem 1.3. Assume that the property
Throughout this paper, let C = {C n , n ∈ N} denote a fixed (but arbitrary) differentiable quasianalytic system.
Let ϕ = (ϕ 1 , . . . , ϕ k ) with ϕ i ∈ C n , i = 1, . . . , k and ϕ(0) = 0, and let x = (x 1 , . . . , x n ) and y = (y 1 , . . . , y k ) be the coordinates in R n and R k respectively. The generic rank of ϕ, rk(ϕ), is the rank of the Jacobian matrix [
], considered as a matrix over the quotient field of C n (recall that C n is a domain by (C 5 )). We consider the morphism φ : C k → C n defined by composition by ϕ and its extension to the completionφ :
Definition 1.4. We say that the differentiable quasianalytic system C has the property of M. Eakin and A. Harris (EH, for short) [2] if for each ϕ as above with rk(ϕ) = k and for each ψ ∈ R[[y 1 , . . . , y k ]] such thatφ(ψ) =ĝ, with g ∈ C n , there exists β ∈ C k such thatβ = ψ.
Quasianalytic version of the Newton Theorem
The function ϕ(x, λ) = (x, σ(λ)) defines, by substitution, a morphism φ : C n+p → C n+p . We can see that rk(ϕ) = n + p and φ is an injective morphism. 
Proof. By hypothesisf (x, λ) ∈ R[[x, λ]] is symmetric with respect to the variables
λ i , i = 1, .
. . , p. By the Newton Theorem (for formal series) there exists h ∈ R[[x, λ]] such that h(x, σ(λ)) =f (x, λ); i.e.φ(h) =f . Since rk(ϕ)
and the system C is strongly quasianalytic, there exists g ∈ C n+p such thatĝ = h; hence, by quasianalyticity, φ(g) = f ; i.e. g(x, σ(λ)) = f (x, λ).
Generic division
Lemma 3.1. Suppose that the system C has the property EH. Let P (x n , λ) be a generic polynomial in x n of degree p. If f ∈ C n , then there exist unique function germs q ∈ C n+p and r i ∈ C n−1+p , 1 ≤ i ≤ p, such that
Proof. Set x = (x 1 , . . . , x n−1 ). We consider f (x , x n ) and f (x , λ 1 ) as elements of C n+p . Since C n+p is closed under division by coordinates,
with f 1 ∈ C n+p again. By repeating this process with f 1 , we get:
with f 2 ∈ C n+p . At the end we get:
We see that g and g i , 1 ≤ i ≤ p, are symmetric with respect to λ 1 , . . . , λ p . By Lemma 2.1, there exist q ∈ C n+p and r i ∈ C n−1+p , 1 ≤ i ≤ p, such that
and this implies that
since φ is injective. The uniqueness follows from the quasianalyticity of the system C.
Weierstrass division theorem
Let f ∈ C n − {0}. We say that f is regular of order p with respect to x n if the formal seriesf is regular of order p with respect to x n . For any f ∈ C n − {0}, after a linear invertible change of the coordinates (x 1 , . . . , x n ) , there is an integer p ∈ N such that f is regular of order p with respect to x n . Theorem 4.1. Suppose that the system C has the property EH. Let f ∈ C n − {0} be regular of order p with respect to x n . Then for any g ∈ C n , there exist unique q ∈ C n and r i ∈ C n−1 ,
Proof. By Lemma 3.1, we can divide f by the generic polynomial
Since f is regular of order p with respect x n , we can easily see that
and the determinant of the matrix (
Then f is equivalent in C n to the polynomial
Now let g ∈ C n . We can divide g by the generic polynomial P (x n , λ) and hence by P (x n , ψ(x )) after substituting λ → ψ(x ). Since q(x , ψ(x )) is invertible in C n , we have proved the existence. The uniqueness follows from the quasianalyticity of the system C.
Corollary 4.1. We suppose that the system C = {C n , n ∈ N} has the property EH. Then for each n ∈ N, C n ⊆ R{x 1 , . . . , x n }.
Proof. We deduce Corollary 4.1 from Theorem 1.3 and Theorem 4.1.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 5. Appendix 1) A way to yield differentiable quasianalytic systems is to consider the germs of smooth functions definable in a fixed polynomially bounded o-minimal structure which is an expansion of the ordered field of reals. For more details about an ominimal structure over the field of reals, we refer the reader to [6] . This system shares some good properties with the system of analytic rings. For instance, by [7] , it is closed under composition, under differentiations, under division by coordinates, and under solutions of equations satisfying the hypothesis of the implicit function theorem. The Weierstrass division theorem never holds in this system (unless it is analytic) [4] . Because of the lack of a Weierstrass division theorem, many problems remain open. For instance, these systems are not known to be Noetherian or to satisfy any kind of M. Artin-type of approximation theorem. 
